Abstract : This paper proposes a new control algorithm for a class of nonholonomic systems using ON/OFF-type discrete-valued control inputs. Our approach is based on second-order approximation of the principle of holonomy and its iteration with parameter updating, which is intended to be tolerant of severe inaccuracy of the control inputs. The proposed method is applied to attitude control of 2D and 3D free-flying robots and a wheeled mobile robot to demonstrate its effectiveness. Simulation results show its robustness against the model uncertainty and unmodeled dynamics such as non-Chaplygin type structure.
Introduction
Drift-free systems, described by nonlinear state equation without drift vector-field, are known as standard model of kinematic mechanical systems with non-integrable kinematic constraints. Since it is impossible to asymptotically stabilize such a system by any continuous state feedback due to Brockett's necessary condition [1] , feedforward-based control, discontinuous or time-varying feedback control and many mixed-up approaches have been actively exploited.
As the entire class of drift-free systems is too large to deal with by a single approach, a common strategy is to transform the given system to a special form with some handy nature and exploit a control method for the subclass. One of the most successful results in this manner is control of chained form systems [2] and its feedback equivalents such as track-trailer systems and underwater vehicles. Other useful subclasses include power form, Chaplygin form, higher-order chained form and so on [3] .
These approaches have been worked well for some ideal situations. However, the idea of using input transformation to obtain chained forms may cause considerable difficulties:
• Input transformation is essentially a partial cancellation of the system dynamics. Thus it depends much on physical parameters and tends to be sensitive to modeling errors.
• Control inputs are required to be perfectly precise, so necessarily continuous-valued. But this is not the case for real systems equipped with inexpensive actuators.
• Many systems with complicated controllability structure (e.g., 3D free-flying robot) cannot be transformed to chained form [4] .
In this paper, we consider a control problem under severe input constraints that each control input must be chosen from only three integers {−1, 0, 1}, and propose an iterative control algorithm which robustly steers the state vector to the desired one. This assumption is intended to reflect real situations (with slight exaggeration): not only to consider exactly ON/OFFtype switching actuators or lower-bit D/A converter systems, but also to cope with extremely imprecise input dynamics in which only its sign is reliable. Related problems were considered in some literatures [5] , [6] , however, they require input transformation to obtain chained forms or depend much on model knowledge (such as predictive control context). Bicchi et al. [7] studied similar problem but states/outputs were also discretized in that case. This paper is organized as follows. Problem is formulated in section 2. In section 3, we focus on advantage of input decoupled form and discuss its equivalent class under coordinate transformation only (without considering input transformation). In section 4, we propose a control algorithm based on second-order approximation of the principle of holonomy and its iteration with parameter updating, making use of the input decoupled structure. This is applied to attitude control 2D and 3D free-flying robots to demonstrate its effectiveness. Simulation results show its robustness against the model uncertainty and unmodeled dynamics such as non-Chaplygin type structure. Finally, in section 5, we extend the result to nondecoupled system by suggesting base/fiber decomposed form and its equivalence under coordinate transformation, with application to a wheeled mobile robot. Section 6 concludes the article.
Problem Setting

Preliminaries
Let f 1 (x) and f 2 (x) be any pair of smooth vector-fields defined on R n . The Lie bracket operation [·, ·] is defined as follows:
Lie derivative of an R r -valued smooth function α(x) along a vector-field f (x) is defined as
which is again an R r -valued function. For a set of vector-fields
JCMSI 0001/08/0101-0066 c 2007 SICE
Without stated otherwise, all maps and manifolds are supposed to be smooth. O(·) denotes Landau's asymptotic notation.
System Description
In this paper, we consider the drift-free nonholonomic system given by
where x ∈ R n is the state vector, u ∈ R m is the control input and g i : R n → R n are smooth column vector-fields. G(·) defines an n×m-matrix-valued map on R n whose i-th column is the vectorfield g i (x). G(x) also induces a smooth distribution on R n :
Throughout this paper, we assume Σ 0 satisfies the following assumptions.
(A2) (nonsingularity) There exists a neighborhood U ⊂ R n around its origin, such that G(x) is nonsingular at every point in U. This implies G(x) is a nonsingular distribution on U as well.
(A3) (controllability) There exist n − m smooth vector-fields g m+1 , · · · , g n generated by successive Lie bracketing of
is nonsingular in a neighborhood V ⊆ U.
The first two assumptions are standard requirements for driftfree systems. (A1) implies the system is under-actuated, thus the Brockett's continuous stabilizability condition does not hold. Nonsingularity assumption (A2) excludes nonregular or redundant control inputs. (A3) is Chow's controllability rank condition.Ḡ(x) := ImḠ(x) is called controllability distribution. Note that the choice of the bases of controllability distribution g m+1 , · · · , g n may not be unique.
Furthermore, we confine ourselves to the so-called first-order systems [2] : (A3') All of the vector-fields g m+1 , · · · , g n are first-order Lie brackets, i.e., there exist assignments λ(·), ρ(·) : N → N such that λ(i), ρ(i) ∈ {1, · · · , m} and
This assmption is employed just to simplify the path generation process discussed in section 4.1. Indeed, the main idea of this paper will be valid for general drift-free systems with higherorder Lie brackets. Finally, we impose the following assumption on the control inputs.
Our objective is to steer the state vector x(t) to the desired state x d from any initial state using discrete-valued control inputs satisfying the condition (A4). We also consider average velocity control problem in section 4.3.2.
Transformation to Input Decoupled Form by Coordinate Change
Let us begin with considering the easiest case to deal with, in which the state equation is given by the following special form
where
T . q is called the base vector, which can be directly manipulated by integrating the control input u. On the other hand, φ is called the fiber vector which could be manipulated only by indirect effect of the control inputs. We say that Σ 1 is in input decoupled form since there is one-to-one correspondence between the base element q i and the control input u i . If H(q, φ) is independent on φ, the system is called Chaplygin form.
Remark 1
If the control input admits continuous values, converting the given system Σ 0 into Σ 1 is nearly an obvious task; re-arrange the state vector of Σ 0 such thaṫ
−1 v to obtain the form Σ 1 . Nonsingularity of this transformation is guaranteed by assumption (A2).
•
In general, input transformation is not possible under the discrete-valued constraint (A4). Now let us try to find a coordinate transformation
which transforms the standard system Σ 0 to the decoupled form Σ 1 . Here the new coordinate components q and φ are identified with the corresponding transformation map q : R n → R m and φ : R n → R n−m , respectively. The necessary and sufficient condition for the input decoupling is summarized in the following theorem.
Theorem 1 There exists a nonsingular coordinate transformation (5) which transforms Σ 0 into Σ 1 if and only if, for
satisfies the following conditions.
where δ i j denotes Kronecker's delta. (Necessity) Suppose (7) holds. Then, for
For ∀ ξ, η ∈Ǧ i , the assumption (A3') and (7) imply
Thus there exist integral manifolds ofǦ i characterized by q i = const., which impliesǦ i is involutive. Moreover,
(Sufficiency) SinceǦ i is involutive, Frobenius' theorem guarantees the existence of smooth coordinate functions
Moreover, for arbitrary ξ ∈Ǧ i , we have 
Therefore φ can be taken as any coordinate system on the (n − m)-dimensional integral manifolds ofĜ. This concludes the proof.
Example 1
As an example of input decoupled case, let us consider attitude control problem of planar free-flying robot as shown in Fig. 1 . We assume the absence of external force acting on the robot (such as gravity). It is composed of 3 rigid bodies, serially connected by 2 active joints. φ denotes the angle between link 0 and the inertial flame (referred to as attitude), while q = (q 1 , q 2 ) T denotes the joint angles (referred as to the shape of the robot).
T is the total state. Suppose the total angular momentum of the system is 0 at the initial state. Then, based on the preservation law of the total angular momentum, we obtain the following drift-free state equation:ẋ
It is easy to check
) is nonsingular.
Iterative Holonomy Feedback Control for Input Decoupled Form
In this section, we propose a feedback control method for input decoupled form using discrete-valued inputs.
Periodic Input Sequence and Approximation of Holonomy
In order to change the fiber vector in the (approximately) desired direction, we consider the following sequence of control inputs defined on an interval [t 0 , t 0 + 5R]:
where i, j ∈ {1, · · · , m}, i j, R > 0, d ∈ {−1, 1} specifies the direction to follow, and the other control inputs are kept zero. (u i (t), u j (t)) are illustrated in Fig. 2 . If we apply (10) to the input decoupled form Σ 1 , the time response of the base vector q(t) draws a closed square path starting from q(t 0 ) as shown in Fig. 3 , whose side length is R. In case of d = −1, it follows the same square in the opposite direction (i.e., clockwise). Now the resulting change in the state vector is expressed as a series expansion using Lie brackets [3] ,
where T = 5R in case of the input sequence (10). This enables us to approximate the net displacement in x by the first-order Lie bracket [9] ,
as long as R remains sufficiently small. By virtue of the inputdecoupled structure, we can rewrite it in base/fiber coordinate as
which means q returns exactly to q(t 0 ) at the end of the period.
All the effect appears in the change of the fiber vector φ. Moreover, let us consider to repeat the sequences corresponding to the Lie bracket
from i = m + 1 to n one by one, where each size of the square is R i and the direction is d i ∈ {−1, 1}. Then
Example 1 (continued) In the current case, we have
which implies that the shape of the robot is kept unchanged while the amount of attitude changes by α(q(t 0 )) R 2 d approximately.
Accuracy of this approximation is partially illustrated in Fig. 4 (suppose d = 1) . The dashed line indicates the graph of the approximation α(φ)R 2 versus R 2 , while the solid curve shows the actual change in attitude φ(T ), where q(t 0 ) = (π/3, π/3) T is fixed. 
Iterative Holonomy Feedback Control Algorithm
Although this approximation works nicely, we should keep in mind that the discrepancy tends to increase for larger R, or still worse under the presence of modeling error. Now we propose an iterative algorithm to overcome this problem.
Suppose the initial state
T are given in advance.
Step 0) (Base control) Bring the base vector to the desired point, by applying
It is trivial that q gets to q d in finite time with desired accuracy.
Initialize the iteration counter k = 0, and the tuning parameters as
which will be corrected after each iteration.
Step 1) (Snapshot)
is the snapshot of the attitude angle at this moment, and e[k] is the error between the desired and current attitude angle.
Step 2) (Holonomy estimation) Determine the desirable size of square R i and direction d i as follows.
so that the approximation (15) satisfies
Step 3) (Periodic control) Apply the sequence of periodic control (10) Terminate if e[k] gets less than a prescribed tolerance ε.
Step 4) (Parameter updating) Let
be the resulting change in the fiber vector.
Δφ i [k] may differ from the expected displacement e i . Now renew the tuning parameter as
so as to ensure
Return to Step 1 whereas k ← k + 1.
• Remark 2 In case we must observe stroke limitation given by
Step 3 by
or simply replace (20) by
at the cost of a little conservativeness. 
Average Velocity Control
Effect of the idea of iterative tuning (Step 4) is observed more clearly in average velocity control problem. Suppose a problem to control the attitude angle φ so that it changes at a specified rate, detailed as follows. We know from physics that it is impossible to control the attitude angular velocity identically to the desired value because of the preservation law of the total angular momentum. However, it is still possible to control the average angular velocity, i.e., the amount of change of attitude angle φ per iteration. T denotes angle between the axis of the base joint (the joint connecting link2 and link3) and the inertial flame, while q = (q 1 , q 2 , q 3 )
T denote joint angles. We also assume that total angular momentum of the system is 0. Then, we obtain the preservation law of the total angular momentum:
where N(φ), H 1 (q), H 2 (q) ∈ R 3×3 are smooth matrix-valued functions, H 1 (q) and N(φ) are assumed nonsingular. Then we have a 3-input 6-state drift-free system:
where Γ(q) :
where Ω(q) is a nonsingular 3 × 3 matrix-valued function. Thus G = (g 1 , g 2 , g 3 , g 4 , g 5 , g 6 is nonsingular and the controllability assumption (A3') is satisfied.
Note that the last three rows ofḠ(x) is contains φ-dependent factor N −1 (φ), so this system is not in Chaplygin form. To cope with larger periodic motion and/or the modeling error, we reset the input parameter Ω(q) according to actual amounts of the change.
Simulation Result
Let us examine the proposed algorithm by numerical simulation. Conditions are set as
[rad] and ε = 1.0×10 −3 . We also assumed modeling error in all inertia parameters by ±30%. Fig. 11 shows the response of error in φ, i.e., φ 1d −φ 1 (t) versus t in the solid curve, while the dashed line with bullet marks indicates e 1 [k] . We obtained similar result concerning φ 2 and φ 3 , so figures are omitted. Fig. 12 shows the total error e[k] versus the number of iteration k. It quickly approaches to zero until the algorithm stops at k = 6 leaving the final value e[k] = 5.92 × 10 −4 < ε. We can see that the proposed method works well against the unexpected dependence of N −1 on φ. 
Extension to Non-decoupled Case by Base/Fiber Decomposition
A certain class of nonholonomic systems, such as free-flying robots or undulatory mobile robots (e.g., snake robots), satisfy the condition in Theorem 1 for input decoupling. However, there are still some important classes of systems which cannot be decoupled; typical examples include wheeled mobile robots, blimps and underwater vehicles. In this section, we show that the proposed control method is even applicable under a weaker condition, called base/fiber decomposability, and derive the condition for transformation using coordinate change only.
Base/Fiber Decomposition by Coordinate Transformation
Suppose a class of systems in the following form:
where x = (q T , φ T ) T and F(q, φ) : R n → R m×m is a nonsingular matrix-valued map. System Σ 2 is said to be base/fiber decomposed form if it satisfies
An advantage of this form is that the holonomy approximation formula (11) can be rewritten by
in this case (compare this with (13)). This implies that the base vector q returns approximately to q d at the end of the period with accuracy of O(R 3 ), while almost all the effect is summarized in the change of the fiber vector φ. Therefore, the control method proposed in section 4.2 is still valid. Now we check when the system can be written in this form using coordinate transformation.
Theorem 2 System Σ 0 can be transformed to base/fiber decomposed form Σ 2 by coordinate transformation if and only if G := span{g m+1 , · · · , g n } is involutive.
Proof: Necessity of involutiveness ofĜ is obvious from the definition. As for sufficiency, it is easy to see that there exist coordinate functions q 1 , · · · , q m which satisfy (28) ifĜ = span{g m+1 , · · · , g n } is involutive. The fiber vector φ can be taken as any coordinate system on the integral manifolds ofĜ. This concludes the proof.
Remark 3 Theorem 2 is necessary condition for Theorem 1, i.e., system Σ 0 is base/fiber decomposable if it can be transformed to input decouplable form.
Application to Wheeled Mobile Robot
Let us consider the standard two-wheeled mobile robot on the plane shown in Fig. 13 . Let (x, y) and θ denote planar position and orientation of the mobile robot, respectively, and x = (x, y, θ)
T . As for control inputs, we suppose u 1 is the driving velocity and u 2 is the angular velocity for turning. Assuming that the wheels do not slip nor slide, we obtain the following 2-input 3-state drift-free state equation This system cannot be transformed into the input decoupled form because [g 2 , g 3 ] = −g 1 Ǧ 1 andǦ 1 is not involutive. However, the condition of Theorem 2 is easily satisfied sincê G = span{g 3 } is involutive (indeed, this always holds in case of n = m + 1 because 1-dimensional distributionĜ is always involutive).
Define the base and the fiber vector as q = x cos θ + y sin θ θ , φ = x sin θ − y cos θ which satisfy 
Conclusion
In this paper, we considered the control problem of nonholonomic drift-free systems with bounded discrete-valued inputs, and proposed the periodic feedback control based on approximation of holonomy. By virtue of the idea of introducing iterative holonomy feedback and parameter updating, the proposed method is robust against the model uncertainty. Simulation results showed its effectiveness for 2D and non-Chaplygin 3D free-flying robots, and a wheeled mobile robot as an example of non-decoupled system.
